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LOI CAM OGN

Tru6c hét, toi xin gui 101 biét on chan thanh va sau siac t6i PGS.TS Leé
Thi Thanh Nhan. C6 da danh nhiéu thoi gian va tam huyét trong viéc huéng
dan. Sau qua trinh nhan dé tai va nghién ctu dudi su hudéng dan khoa hoc
cua Co, luan van ”Can nguyén thuy, truong chia duong tron va ung dung”
cua toi da duogc hoan thanh. C6 dugc két qua nay, dé 1a nho su day bao tan
tinh va nghiém khac cua Co.

T6i cling xin gui 16i cam on chan thanh dén Ban Giam hiéu, Phong Dao
tao va Khoa Toan-Tin cua Truong Pai hoc Khoa hoc - Pai hoc Thai Nguyén
da tao diéu kién thuan loi nhit trong sudt qua trinh hoc tap tai trudong ciing
nhu thoi gian t6i hoan thanh dé tai nay. Su giip d& nhiét tinh va thai do
than thién cta cdc can b thuoc Phong Pao tao va Khoa Toan-Tin di dé lai
trong long moéi chiing toi nhitng &n tuong hét sic tot dep.

Toi xin cam on S& Gido duc - Pao tao Quang Ninh va truong trung hoc
phé thong Vian Lang - noi t0i dang cong tdc da tao diéu kién cho to6i hoan
thanh khoa hoc nay.

To6i xin cam on gia dinh, ban bé dong nghiép va cac thanh vién trong
16p cao hoc Toan K7Q (Khéa 2013-2015) da quan tam, tao diéu kién, dong

vién c6 vil dé t6i c6 thé hoan thanh nhiém vu ctia minh.



LOI NOI DAU

Cho n la s6 nguyén duong. Khi d6 c6 ding n can bac n cua don vi,
dé 1a céc so phic ¢ = COS%TW —|—z'sin2k7”, k=0,1,...,n — 1. Ta biét rang
e 1a can nguyén thiy bac n ctia don vi néu va chi néu ged(k,n) = 1. Vi
thé c6 ding ¢(n) can nguyén thily bac n cua don vi, trong d6 ¢ 1a ham
Euler. Goi &, ..., ¢, la cdc can nguyén thiy bac n cla don vi. Khi d6
da thitc chia duong tron tht n, ki hiéu la @, (), 1a da thitc bac p(n) duoc

cho bdi cong thic @, (z) = (x —e,) ... (v — &g ). Truong phan ra cua da

o (n)
thic f(z) = 2" — 1 trén truong Q goi 1a truong chia duong tron thir n va
duge ky hiéu 1a Q,. Néu e 1a mot can nguyén thuy bac n ctia don vi thi
trudng chia dudng tron Q,, chinh Ia truong Q(¢). Chu ¥y riang da thic chia
duong tron ¢,,(x) 1a da thiac bat kha quy cla ¢, do d6 truong chia dudng
tron thit n trén Q c6 bac 1a p(n). Muc dich cua luan van nay la trinh bay
mot s6 két qua vé can nguyén thuy, da thic chia duong tron, trudng chia
duong tron va nhiing tng dung trong mot s6 bai toan so cap.

Luan van gom 3 chuong. Chuong 1 trinh bay cac kién thic vé da thiic
chia duong tron, gom can nguyén thuy bac n ctia don vi, da thic chia duong
tron va tinh bat kha quy cua da thic chia duong tron. Mot s6 két qua quan
trong cua da thic chia duong tron duoc ching minh chi tiét nhu cong thic

" —1= H ®4(x) (xem Dinh 1i 1.2.4), &, (x) c6 cac hé s6 déu nguyén
dln
(xem Dinh 1y 1.2.6), cong thic tinh @, (z) dua vao nghich chuyén Mobius

(xem Ménh d¢ 1.2.10) va tinh bat kha quy cua @, (x) (xem Dinh 1y 1.3.4).
Chuong 2 nghién ctu vé trudong chia dudng tron gom trudng phan ra cua
da thic va trudong chia duong tron. Ching toi chiing minh rang v6i moi da

thic f(x) v6i hé s6 trén mot truong K ¢6 bac n > 1, ton tai mot truong
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phan rd cua f(x) trén K (xem Dinh 1y 2.1.9). Truong chia duong tron tha
n, ki hiéu 12 Q,,, duoc hiéu 1a trudng phan ra cta da thic chia dudng tron
thit n trén Q. Ching toi chiing minh rang bac cia md rong trudng chia
duong tron thit n 1a ¢(n) (xem Dinh 1y 2.2.3). Mot s6 moi quan hé gitta
cac truong chia duong tron ciing dugc trinh bay trong chuong nay (xem
Dinh 1y 2.2.5 va Dinh ly 2.2.6).

Trong Chuong 3, ching toi sit dung cac két qua vé can nguyén thiy, da
thitc chia dudng tron, trudng chia dudng tron dé gidi mot s bai todn so
cap. Ching to6i chiing minh mot s6 két qua da biét trong s6 hoc (xem Bai
toan 3.1.1), trong hinh hoc (xem Bai todn 3.1.3); tinh gid tri cos 2 va sin 2
(xem Bai toan 3.2.1); phan tich da thic thanh nhan tr bat kha quy trén Q
(xem Bai toan 3.2.2 va Bai toan 3.2.3); giai phuong trinh nghiém nguyén
(xem Bai toan 3.2.4). Dac biét, sit dung truong chia duong tron, ching toi
dua ra 101 gidi hai bai todn so cdp lién quan dén gid tri cla da thic tai e

(xem Bai todan 3.3.1 va Bai toan 3.3.2).



Chuong 1

Da thirc chia duong tron

Trong su6t chuong nay, luon ki hiéu N = {0,1,2,...} 1a tap cdc s6 nguyén
khong am va N* = N\ {0} 1a tap cdc s6 tu nhién. Ki hiéu Q, R, C 1an luot

la truong sO hitu ty, truong s6 thuc va truong sO phuc.

1.1 Can nguyén thuay bac n cua don vi

1.1.1 Pinh nghia. Cho ¢ € C va n € N*. Khi d6 ¢ dugc goi la mot cdn

bdc n cua don vi néu " = 1.

Chi y rang ¢6 ding n can bac n cua don vi, do 1a
2k 2k
£k :cos—ﬁ—kz'sin—ﬁ, k=0,1,...,n—1.
n n
1.1.2 Pinh nghia. Cho n 1a mo6t s6 nguyén duong va € la mot can bac n
cua don vi. Khi d6 ¢ dugc goi 1a can nguyén thiry bac n cia don vi néu &

khong 1a can bac nhé hon n cta don vi.

Chi ¥ rang s6 phitc € 12 can nguyén thuy bac n ctia don vi néu va chi

néu n la s6 nguyén duong nhd nhat théa man " = 1.

1.1.3 Vi du. a) Cac can bac 3 cua don vi la

gg=1l,e1=—=4+—7—,69 = —= — —.
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Ta ¢6 ¢} = 1, do d6 £y khong 1a cin nguyén thuy bac 3 clia don vi. Ta ¢
g1 # 1,2 =e9 # 1 va g3 = 1. Vi th€ &1 la can nguyén thly bac 3 cta don
vi. Ta ciing kiém tra dugc £, 1a cin nguyén thiy bac 3 cua don vi.

b) Cac can bac 4 ctia don vi la 1,4, —1, —i. SO 7 1a can nguyén thuy bac
4 cadonviviit =1vai" # 1véin=1,2 3. Tuong tu, —i 12 can nguyén

thily bac 4 cua don vi.

1.1.4 Ménh dé. (Tiéu chudn cua cdn nguyén thiiy). Cho n la s6 nguyén
duong. Ki hiéu
2k . 2km
e =cos— +isin—, k=0,1,...,n — 1.
n n
Khi dé e la moét can nguyén thuy bdc n cua don vi néu va chi néu
ged(k,n) = 1.

Chitng minh. Gia stt £, 1a mot can nguyén thily bac n cua don vi. Khi dé n
la s6 nguyén duong nho nhat thoa man ¢} = 1. Gia st ged(k,n) =d > 1.
Khi d6 n/d < n. Ta cé

T als

2k . 2kmw\d 2k 2kmw
:<cos——|—zsm—> :0087—|—zsm—:1.

3
n n d

biéu nay vo li. Vay d = 1, hay ged(k,n) = 1.
Nguoc lai, cho ged(k,n) = 1. Chd ¥ rang ¢;, 1a mot can bac n cua don

vi, nghia 1a £} = 1. Goi ¢ 12 s6 nguyén duong bé nhat thoa man e, = 1. Ta

7

co
y 2kt . 2ktw
€ = COS +¢sin —— = 1.
n n
2kt . . . , O
Suy ra = m2m v6i m la mot s6 nguyén. Do dé kt 1a bdi cua n. Theo

n
gia thiét, gcd(k,n) = 1. Do d6 t 1a boi ctia n. Suy ra t = n, tic la n 1a s6
nguyén duong nho nhat thoa man ¢} = 1. Vay ¢; 1a can nguyén thiy bac

n cua don vi. ]



Tur day dén hét luan van, luon ki hiéu
2k . 2km
e =cos— +isin—, k=0,1,...,n — 1.
n n
Ki hiéu ¢ : N* — N la ham Euler, tic 1a (1) = 1 va ¢(n) 1a s6 cac s6 tu

nhién nho hon n va nguyén to cling nhau véi n.

1.1.5 Nhan xét. i) Vi gcd(1,n) = 1 nén theo Ménh dé 1.1.4, ¢; luon 1a can
nguyén thiy bac n cta don vi.
ii) T dinh nghia ham Euler, néu n 1a s6 nguyén duong thi c6 ding ¢(n)

can nguyén thily bac n cua don vi.

1.1.6 Ménh dé. Néu ¢ la mot cdan nguyén thity bdc n cua don vi thi €* = £°

néu va chi néu a = b (mod n).

Chitng minh. Theo gia thiét £ 1a mot can nguyén thay bac n cua don vi.
Khi d6 " = 1 va €™ # 1,Vm < n. Khong mat tinh téng quat gia st a > b.
(=) Gidstte® = £°. Khid6 e = 1. Chia a—b chon ta duoc a—b = n.q+r
v6i 0 <7 <mnsuyral=g%? =" =¢" Viglacan nguyén thlly bac
n cua don vi nén ta phai c6 r = 0 hay a = b (mod n).

(<)Giasta=b (modn). Khidéa—binsuyraa—b=1tnvéitecZ

Do d6 e* % =&l = (e")! = 1 = 1 hay ¢% = &° O

Chu ¥y rang néu ¢ 1a can bac n cta don vi thi @ = b (mod n) kéo theo
a

e? = ¢’ nhung diéu nguoc lai khong ding. Chéng han véi n = 4 va
e=—1.Tacé 2 # 0(mod 4) nhung e = 1 = &.

1.1.7 B6 dé. Néu < la mot cdn nguyén thity bdc n cua don vi thi tdp cdc

cdn bdc n cia don vi la {1,e', €2, ... "1}

Chitng minh. V6i moi s6 duong k ta ¢6 (¢¥)" = 1. Vi thé ¥ 1a mot can

bac n cta don vi. Ta khang dinh néu 0 < 7 < j < n 12 hai s6 nguyén duong
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thi &’ # &/. That vay, gid st e/ = ¢/. Khi d6 /% = 1. Vi j — i 14 s6 nguyén
duong va e la can nguyén thuy bac n cltia don vi nén ta ¢c6 j — ¢ > n,
diéu nay 12 vo 1i. Do dé khang dinh duoc ching minh. Nhu vay, cic s6
1,el,€2,...,e" 1 1a cic can bac n cha don vi va doi mot khac nhau. Chd y

ring c6 ding n cin bac n cta don vi. Vi thé b6 dé dugc chiing minh. [J

Nhic lai ring mot tap G cing v6i phép nhan 1am thanh mot nhdém néu
phép nhéan c6 tinh két hgp, trong G ¢6 phan tit don vi va moi phan tlr clia
G déu kha nghich. Mot nhém G duoc goi 1a nhém xyclic néu ton tai mot
phan tir u € G sao cho G = {u* | k € Z}. Trong truong hop nay ta ciing
néi G 1a nhém xyclic sinh boi w.

1.1.8 Hé qua. Vi méi s6 tu nhién n, tdp G, cdc can bdc n cia don vi lam
thanh mot nhom xyclic voi phép nhdn thong thuong.

Chitng minh. Cho u,v € G,,. Khi d6 v = v" = 1. Suy ra (uv)” = 1. Vi
th€ uv € GG,,. Do d6 phép nhan la déng trong GG,,. R0 rang phép nhan trong
G, ¢6 tinh két hogp. Phan tir 1 € G,, dong vai tro 1a don vi cua G,,. V6i
u€Gytacd (1/u)"=1/u" =1,doddé 1/u € G,. Vi th€ GG,, ]a mot nhém
v6i phép nhan. Ldy ¢ 12 mot cian nguyén thuy bac n cua don vi. Tir Bo dé
1.1.7 ta co

Gpn={"keZ}={"|k=0,1,...,n—1}.

Do d6 G, 1a nhém xyclic sinh béi e. ]

1.2 Pa thiic chia duong tron

Muc tiéu cua tiét nay la trinh bay khai niém da thiic chia duong tron
thit n, ki hiéu 1a ®,(z), va chiing minh mot s6 két qua quan trong vé da

thitc chia dudng tron. Cu thé, ching t6i sé chitng minh:



(@) [[Pa(z) = 2™ — 1 (xem Dinh 1i 1.2.4).
dln
(b) Cac hé s6 cua @, (x) déu la s6 nguyén (xem Dinh Ii 1.2.6).

() ®u(x) = [T (¢% — 1), trong d6 ;1 1a ham Mobius (xem Dinh If

dln
1.2.10).
N A 2km o 2km .
Trong suot ti€t nay, ta ki hiéu ¢, = cos—— + isin—— vbi k£ =
n n
0,1,...,n — 1 1a cac can bac n cua don vi.

1.2.1 Pinh nghia. Cho n la s6 nguyén duong. Pa thiic chia duong tron
thir n, ki hiéu 1a ®,,(x), duoc dinh nghia la tich clia cic da thic tuyén tinh

x — €, trong d6 ¢ chay trén cac can nguyén thuy bac n cta don vi.

Tir Ménh dé 1.1.4, s6 phiic ¢, 1a can nguyén thiy bac n cta don vi néu

va chi néu ged(k,n) = 1. Do d6 ta c6

R rang da thitc chia dudng tron thi n 12 da thic dang chudn (c6 hé s6 cao

nhat bang 1) va c6 bac 1a p(n).

V3

1
1.2.2 Vi du. (i) Cac can nguyén thuy bac 3 cua don vi la g1 = —5 +i—

2
1 3
va €9 = -5~ ig. Do do da thic chia duong tron tha 3 1a
1 3 1 3
o= o+ (40 e+ (140)) =t
(ii) Cac can nguyén thuy bac 4 cua don vi la e = ¢ va €3 = —i. Da thiic

chia duong tron tht 4 la

Py(z) = (v —i)(z +1i) = 2% + 1.



